The oo-category Top of topological spaces is the following simplicial set. An
n-simplex is:

(1) A tuple (Xy,...,X,) of n+1 topological spaces.
(2) An tuple of morphisms

j—i—1
(hij : XixO4,, ™ = Xj)o<i<j<n

where 05, = {(t1, ..., tm) ER™ : 0 < t; <1}
(3) The morphisms h; ; are required to satisfy the compatibility condition: For
every 0 <1 < j < k <n, we should have
hig(z, (1,0 ySj—im1, Lty ooy the—j—1))
= hjk(hi (@, (s1,. -0y 85-i-1))s (t1, - tk—j—1))

il b1
for all z € X;, (81, .. -,Sj—i—l) S Diopz , (tl, . 7tk—j—1) S Dtopj .

Notice that a tuple ((Xo,...,X5), (hij)o<i<j<n) defines a morphism

def
fij(_) é hij(—, (0, 07 ey 0)) : Xi — Xj
for each 0 < ¢ < j < n. Moreover, for every i < i; < 49 < --- < 9 < j the
compatibility conditions imply that
hij(_aeil et e.jk) = fik’j © fik—lyik ©---0 fi,il X = Xj

where e; = (0,...,0,1,0,...,0) is the i’th standard basis vector of RI~%. So we
can interpret h;; as a homotopy between all the possible compositions of the f’s
with f;; at the “lowest” corner of D{;pi*l and fj—1; 0 fi—2,j—1° fix1,i42 © fiit1
at the “highest” corner. The compatibility conditions then can be interpreted as

asking that these homotopies are compatible with all compositions.

The face morphisms are

dk : (Xo, . 7Xnahi,j) — (AXVO7 e 7Xk:717Xk+17~ .. ,Xn,h;’j)

where
h@j(l’,f) i<j<k’
h;7j($,t) = hi’j+1($7 (tl,...,tk,ifl,o,tk,i,...,tj,ifl)) i<k S]
hi+1,j+1(.’)§‘,t) k<i< J-

The degeneracy morphisms are

dk : (XO,' . ;Xnvhl]) = (XOa s 7Xkan,' . ’Xn?h{L7])

where
hi,j(l‘,t) i<j<k
h;’j(!BJ) = hi,j—l(x7(t17"'7tk—’i—17tk—i+17"'7tj—i—1)) 1<k <j
hi_Lj_l((Z?,t) k<i< 7

Here, we interpret h; ; as idx;.

Note that every sequence of continuous homomorphisms X AN X,, defines
an n-simplex: choose h; ; to be the composition X;x[7 =~ — X, fig X1 fige

e ﬁ> X; (i.e., the trivial homotopy).



We can write this data in an upper triangular matrix

Xo hor hoz hos hos hos
X1 h01 h13 h14 h15
Xo hos hos hos

X3 hzs hgs
X4 hus
X5

Now we will be concerned with morphisms A!'*9A™ — Top. There is a canonical
inclusion A * 9A™ C A™*2 as

Al % QA" = UTH2d, A2,

Consequently, a morphism as above corresponds to similar data ((X;), (hi;)) and
compatibilities as for a morphism A"*2 — Top, except, ho n+2, b1 n+2, h2ni2 have
as sources

hgm_;'_g : X2 x o™ — Xn+2
1
h17n+2 1 X1 X |_|?71L — Xn+2

hO,n+2 : XO X (ﬂ?jl N ﬂ?zl) — Xn+2
here we define

Me; =A{(t1,...,ty) :t; =0or 1 for some j #iort; =1 — €}
= U(e,ir)#(e,i)der it 0"

Our interest in these morphisms is to calculate the colimit of a morphism A — B.

Actually we are more interested in morphisms (0 = 1) x A™ — Top so we can
calculate coequalisers. Notice that (0 = 1) = Al Lgar AL, Since join commutes
with colimits we deduce that (0 = 1) * A" = A" Lga1,an AL

We also have OA! x A C A™t1 as a partially ordered set, is the set of subsets
I C [n+ 1] such that {0,1} € I. On the other hand, A7™' as a partially ordered
set is the set of I C [n+ 1] such that I # [n+ 1] and I # {0,...,4,...,n+ 1}.

On the other hand, if we use pushouts, then our diagram categories are all 0-
categories. The indexing category for a pushout is A3. The category AZ*A™ can be
described as the partially ordered set {00,01,10,22,33,44,...,nn}. A morphism
AZ x A™ — Top is the data of

(1) Spaces X07X17X1'7X2a s 7Xn7
(2) morphisms
o Xox A3, — X, for 2 <j

o X; x O = X; for (i,j) = (0,1),(0,1) and all i < j €
{1,1/,2,3,...,n}.

(3) compatibilities as above.

Here,

no _mn no__ 2 n—1
‘/Dtop - |:lto;D Hdm‘:’?op |:ltop = ‘AO‘ x |:ltop



We can organise this data into an upper triangular matrix

Xo  hot, horr ho2 hos ho4 hos
X1,Xv hig,hyo hiz,his hig,his has, hs

Xo has haa has

X3 h34 h3s

Xy has

X5



